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whichever is shorter. Since the reflection strength for 
all N beams is very low, the self-extinction depth is 
quite large. 

We calculated the I (0)  curve as F622 approached 
zero. As F622 becomes smaller, Emult is virtually 
unchanged and there remains a narrow rocking curve 
at the 622 position whose strength is determined by 
the excitation of the N beams. There is no general 
background scattering in reciprocal space because of 
n-beam effects. What appears is a node of reflectivity 
at the reciprocal-lattice point even as the structure 
factor F622 goes to zero. 

These results indicate that even extremely weak 
multiple-beam effects cannot be treated kinemati- 
cally. There is a dynamical interaction of beams 
whenever a Bragg condition is satisfied, i.e. wherever 
k I in Fig. 1 is at a node of the reciprocal lattice. 

When a dynamical reflection is extremely weak, 
the integrated intensity for a given F is the same as 
that calculated from the kinematic expression, which 
is proportional to F 2. However, the interaction of the 
beams is clearly dynamic in origin. For any region of 
k space near a reciprocal-lattice point, the scattered 
intensity contributed by each of the N beams is 
essentially zero because we are so far removed from 
satisfying the Bragg condition for those reflections. 
However, if the k r vector approaches a node of the 

reciprocal lattice, even if the node has a zero structure 
factor, a sharp, albeit weak, reflection will appear. 

We investigated the general strength of the n-beam 
effect as a function of the atomic number Z. We 
calculated n-beam integrated intensities for the 622 
reflection, at identical ~o and A/ao. In the I region of 

Ge u Ge, E m u l t - 0 ' 0 3 8 ,  and in the corresponding region 
of Si, Si Ge Si Emult = 0 '0075 .  T h e  r a t io  o f  Emult /Emult  = 5"07, 
which is very close to the ratio (ZGe/Zsi) 2. Thus, the 
intensity of multiple-beam contributions for the two 
materials scales as Z 4. This explains why multiple- 
beam effects are much more important in Ge than Si 
and is consistent with our experimental results repor- 
ted in Tischler & Batterman (1984). It appears that 
a simple condition governs the weak multiple-beam 
contributions; each pair of reflections satisfying H ' +  
H " = H  contributes as the product of the two 
intensities as if they were sequential reflections. 
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Abstract 

In a neutron Laue (time-of-flight) experiment, the 
nature of the thermal diffuse scattering by elastic 
waves depends on the ratio,/3, of the sound velocity 
in the crystal to the neutron velocity. For slower-than- 
sound neutrons, there is a certain range of/3 for which 
a 'wavelength window' appears in the incident beam; b ¢°h 
TDS is forbidden for all wavelengths lying within this B 
window. The window is best observed in back scatter- cg 
ing, and for a scattering angle close to 180 ° the centre cs 
of the window coincides with the Bragg wavelength, e(K [ jq) 
At the edges of the window, the TDS intensity rises 
abruptly to two sharp peaks, one due to phonon Eo, E 
emission and the other to phonon absorption. The G~(Q) 
sound velocity is derived by measuring the time of h 

flight of either peak. The method is illustrated by 
applying it to pyrolytic graphite, which was examined 
using the neutron spallation source ISIS. 

Glossary of symbols 

coherent scattering length of atom K 
reciprocal-lattice vector 
group velocity of sound 
phase velocity of sound 
polarization vector of atom K excited by 
mode of vibration (jq) 
initial and final energies of neutron 
structure factor for one-phonon scattering 
Planck's constant/2 ~r 
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polarization index of normal mode 
initial and final wave vectors of neutron 
vector along scattering direction of magni- 
tude Ikol 
21r/XB 
ko-kB 
k - k 8  
Boltzmann's constant 
distance from source to sample 
distance from sample to detector 
neutron mass 
number of unit cells in crystal 
quantum number of normal mode (jq) 
wave vector of normal mode 
scattering vector ( = k -  ko) 
vector defining locus of elastic scattering 
through angle 20 
position of r th  atom in unit cell 
time of flight 
time of flight for Bragg scattering 
t - t B  
neutron velocity 
volume of unit cell 
exponent of temperature factor of atom K 
cs/v,, 
q/v,, 
index for phonon absorption ( -1)  or phonon 
emission (+1) 
~AOIIAOI 
vector joining end points of B and ke 
half the scattering angle 
Bragg angle 
O--OB 
label for atom in unit cell 
Bragg wavelength 
angle between k and ~1 
differential scattering cross section for solid 
angle dO and energy dE 

angle between B and q 
angle between k and gradq to(q) 
frequency of normal mode (jq) 

1. Introduction 

The purpose of this paper is to present the theory 
underlying a new method, which employs pulsed 
neutrons and time-of-flight diffraction, of measuring 
the velocity of sound in crystals. It promises to be of 
general application to crystals of any symmetry, even 
when examined under extreme conditions of pressure 
and temperature. 

The theory hinges on the properties of the 'scatter- 
ing surfaces' for the elastic and inelastic scattering of 
thermal neutrons. These surfaces are defined in § 2, 
where we show that the surfaces are fundamentally 
different for fixed-wavelength and for time-of-flight 

diffraction. These differences can be exploited in the 
time-of-flight case to derive sound velocities. 

The diffraction method of studying excitations in 
crystals, employing neutron inelastic scattering 
without energy analysis, is not new. It was suggested 
originally by Elliott & Lowde (1955) for measuring 
spin-wave dispersion relations in magnetic materials 
with a neutron source of fixed wavelength. We shall 
describe the extension of the diffraction method to 
the determination of sound velocities with a 'white' 
source of pulsed neutrons. 

2. One-phonon scattering surface 
in time-of-flight diffraction 

The scattering surface is the locus in reciprocal space 
of the end points of the wave vectors k of neutrons 
which are scattered inelastically in a one-phonon 
process. To understand its properties, it is helpful to 
consider first the simpler case of the elastic scattering 
surface. 

For elastic scattering - which includes Bragg scat- 
tering- there is no change of energy or wavelength 
on scattering, i.e. 

k=ko  (1) 

where ko and k are the magnitudes of the wave vectors 
of the incident and scattered beams respectively. In 
a fixed-wavelength experiment, the scattering angle 
20 is a continuous variable, and the scattering surface 
defined by (1) is the Ewald sphere (Fig. la) .  On the 
other hand, in time-of-flight diffraction, 20 is kept 
fixed and the incident wavelength varies; the scatter- 
ing surface is then a right-circular cone with its axis 
along the incident beam and with semi-angle 
(¢ r /2 ) -0  (Fig. lb). 

The geometry of the one-phonon scattering surface 
is determined by the conservation relations for energy 
and momentum, when the neutron exchanges one 
quantum (phonon) of energy with the crystal. Let 
htoj(q) be the phonon energy, where to is the 
frequency and j labels the branch of the dispersion 
curves. (h = h/2~r.) q is the wave vector of the normal 
mode of vibration; as q --> 0, the three acoustic modes 
(j  = 1, 2, 3) are identified as the three sound waves 
with the same propagation vector q. 

The conservation of momentum for a one-phonon 
process with neutron-energy gain (phonon absorp- 
tion) is expressed by 

k - k o = B + q  (2) 

where B is the reciprocal-lattice vector (i.e. hB is the 
momentum taken up by the crystal). The magnitude 
of ko is related to the wavelength A in the incident 
white beam by 

ko= 2or/A, 

and if AB is the wavelength giving rise to Bragg 
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scattering at 0 = Om then 

As =4~r sin 0 /IBI. 
Equation (2) is illustrated by the vector diagram, Fig. 
2, in which ~ is k, A-O is ko, 0/5 is B and PQ is q. 
Extending the equation to include the energy-loss 
process: 

k - k o = n - e q  (3) 

where e is either +1 or -1 .  e = +1 refers to phonon 
emission and e = - 1  to phonon absorption. 

The conservation of energy on scattering is 
expressed as 

(fi2/2m.) (k 2 -  k 2) = -ehw(q)  

with m, the neutron mass. This can be rewritten in 
the form 

( h/2m,,)( k -  ko)[( Ak + Ako) + 2k•] = -eo.)(q) (4) 

where 

a k = k - k B ,  Ako=ko-kB, ka=27r/X.. 

For scattering with small energy transfer (q ~ 0), 
we can neglect the term (Ak+Ako) in (4). This is the 
same approximation as that adopted by Seeger & 
Teller (1942) and later workers in discussing the fixed- 
wavelength case; the effect of this approximation is 
assessed later in § 6. In a diffraction experiment the 
neutron velocity, v,, for Bragg scattering is hkB/m,,; 

kofixed 

(a) 

0 0 fixed 

(b) 
Fig. 1. Scattering surfaces for the elastic scattering of neutrons, 

X-rays et~ (a) Fixed wavelength and variable scattering angle, 
20: Ewald sphere. (b) Fixed angle and variable wavelength: 
right-circular cone. (a) corresponds to conventional neutron or 
X-ray diffraction, whereas (b) refers to Laue or time-of-flight 
diffraction. O is the origin of reciprocal space. Bragg scattering 
occurs when the vector k - i ~  coincides with a reciprocal-lattice 
vector. 

and if the acoustic modes propagate at the phase 
velocity cs without dispersion, then 

,o  = c s q .  (5) 

Hence (4) reduces to 

k - k o = - e ~ ( ~ ) q  (6) 

where /3(~)= cs(~)/v,. ~ is the angle between the 

e -8  B 

scattered 
direction 

kB 
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(b) 
Fig. 2. (a) Vector diagram for scattering process involving the 

absorption ofa phonon of energy hw(q) by the scattered neutron. 
ke ( = A----~) is a vector in the scattering direction having the same 
length as the incident wave vector ~ (= A-O). ~ is the scattered 
wave vector k, and ~1 is the vector joining the end points of ke 
and t_he reciprocal-lattice vector B. The length of ~ is q and 
of SQ is ~q. (In this and later diagrams O is the origin of 
reciprocal space.) (b) shows triangle PQ$ enlarged. 
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phonon wave vector q and the reciprocal-lattice vector 
B (see Fig. 2). Nearly all crystals are elastically 
anisotropic, and so the phase velocity and the velocity 
ratio /3 are functions of the angle #. Our treatment 
applies to anisotropic crystals, but we shall assume 
isotropic behaviour (for example, in Figs. 4, 5 and 8) 
where this assumption does not invalidate the main 
argument. In the final section the velocity of sound 
is derived for pyrolytic graphite, which is highly 
anisotropic. 

Equation (6) determines the topology of the one- 
phonon scattering surfaces. This topology is quite 
different according to whether or not the condition 
for Bragg scattering, 20 = 20B, is satisfied. 

(i) 0 = OB 
Let us consider first the geometry in reciprocal 

space (Fig. 3) for the measurement of Bragg 
intensities by neutron Laue diffraction. The incident 
beam possesses a band of wave vectors ko, represented 
by the vectors lying between A]--0 and A20. The angle 
of scattering is 20~, where ( w / 2 ) - 0 e  is the angle 
between ko and the reciprocal-lattice vector OP. If 
the length of Off is IB[, the particular value of ko 
given by 

ko = [B[/(2 sin OB) 

(AO in Fig. 3) is Bragg reflected, but there is no 
reflection of the remaining wavelengths. The vector 
Q~X, in Fig. 3 is the locus of all elastic scattering events 
and is the intersection in the scattering plane of the 
cone shown in Fig. l(b).  

Fig. 4 shows the one-phonon scattering surfaces in 
reciprocal space when 0 = 0s and/3 < 1. Consider the 
region of the diagram with e = - 1  and Ako>0,  i.e. 
where k >  ko> kB. A2~ is the vector ko and A2Q is 
the vector k. Thus the length of A2Q is 

ko +/3q, 

from (6). 

0 Ai A Az 

Fig. 3. Measurement of integrated intensity of Bragg reflection at 
P by neutron Laue diffraction. P is scanned, at a fixed scattering 
angle 20s, by a variable wavelength 2~r/ko. Bragg scattering 
occurs when ko (= A--~) and k ( = ~ )  are equal to kB where 
k~ =½IBI cose.c 0.. 

Referring to the triangle PQS in Fig. 4, where S is 
the point of intersection of Q$~ and k, we have 

q2= 192+/32q2_2e/3qTq sin 0e (7) 

in which r/ is the length of the vector ~ (=~1). 
Equation (7) also applies to phonon emission, with 
e = +1 and Ako> 0, and its solution is 

nlq=(ea~llza~l)/3 sin 0~+(1-/32 cos 2 0~) 1/2. (8) 

Equation (8) has been generalized to include all four 
regions in Fig. 4 with e = +1 and Ako X 0. 

The phonon wave number q in (8) must be both 
real and positive. The first condition requires that 
/3<sec0B, and so i f /3  exceeds sec0B (i.e. if the 
neutron velocity is less than cos 0B times the sound 
velocity) there is no one-phonon scattering. The 
absence of TDS from crystals examined with very 
slow neutrons provides a method of measuring Bragg 
intensities, which are free from contamination by 
thermal scattering. 

The second condition is that q must be positive. 
Consider the following possible values of ~7/q: 

1/2 (a) ~?/q=/3 sin OB+(1--/3Z cos 2 Os) ]eAko 
(b) rl/q=/3 sin 0 n - ( 1 - / 3  z cos 2 OB)l/2JlAkol = + 1 " ~  

(c) rl/q=-/3 sin 0 B + ( 1 - / 3  z cos 2 OB)I/2"leAko 

(d) rl/q=-/3 sin 0B--(1--/3 2 COS 2 oB)'/2Jl,a l = - l "  ~ 

(a) is always positive, (b) is positive for/3 > 1, (c) is 
positive for/3 < 1, and (d) is always negative. Hence, 

£=+I ; 

41 kB ~ ~ Ak o--I~.. 

Fig. 4. One-phonon scattering surfaces (heavy lines) for 0 = 0s. P 
is the reciprocal-lattice point and the area in reciprocal space 
around P is divided into four regions by the crossed lines, 
representing the four combinations e = 4-1 and ko- ks ~ 0. The 
locus for elastic scattering, k = ko, is the line along Q[~. 
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if eA /I Akol -- +1, there is one solution of q for/3 < 1, 
two solutions for 1 </3 < see 0B, and none for/3 > 
sec 0B. If eZlko/IA~l----1, there is one solution for 
/3 < 1 and none for/3 > 1. 

Thus there are three distinct ranges of/3 to consider 
in a scattering experiment;/3 < 1, 1 </3 < sec 0~, and 
/3 > sec 0s. Fig. 5 illustrates the one-phonon scattering 
surfaces for these three ranges. For/3 < 1, Fig. 5(a), 
the surfaces form two arms of a cross, and the scat- 
tered wave vector k intersects the cross at both e = + 1 
and e = -1.  For the range 1 </3 < sec 0,~, Fig. 5(b), 
the cross has moved to a different position in 
reciprocal space, so that the two scattering events 
associated with a given ko are now either phonon 
absorption (Ako < 0) or phonon emission (Ako > 0) 
but not both. Finally, for /3 > see 0m Fig. 5(c), the 
one-phonon scattering surface collapses to a single 
point at the lattice point P. 

Fig. 6 shows schematically the TDS which is 
recorded near the Bragg peak in a time-of-flight 
experiment. The abscissa axis is labelled time of flight, 
t, which is related to Ako by 

Ako/ ko = - (  t -  t~)/ tB = - At/ tB 

where tB is the time of flight for Bragg scattering: see 
§ 4. The TDS rises to a peak at t = ts for the two 
ranges /3 < 1 and 1 </3 < sec 0B, and then suddenly 
vanishes for/3 > sec 0B. 

k 

/ 

/ Aki<O~/E='+I: \ 

(a) (b) 

(c) 
Fig. 5. One-phonon scattering surfaces (heavy lines) for 0 = On 

and for the three ranges of the velocity ratio; (a) fl < 1, (b) 
l < ~ < s e c  0a, (c) ¢t>sec 0a. 

(ii) 0 = 0s + AO 
The nature of the TDS in the three ranges of/3 is 

quite different when the detector is offset from the 
Bragg setting. The orientation of the crystal and the 
direction of the incident beam remain the same as in 
Fig. 3, but the detector is repositioned to receive 
radiation scattered at an angle 20 where 

0 = Os+AO 

and AO,~ Os (see Fig. 7). The vector Q~, which is 
inclined at an angle (~r /2) -  0 to the incident radi- 
ation, represents the locus of elastically scattered 
events received by the detector. The lattice point P 
does not lie on this vector and so Bragg scattering is 
not observed. 

If Q in Fig. 7 is the end-point of the scattered vector 
k for neutron energy gain (e = - 1), then QS =/3q and 
Q N  is/3q cos 0, where N is the foot of the perpen- 
dicular from Q to the elastic scattering vector. Thus 

Q N /  QP =/3 cos 0 

and Q is constrained by the condition that the ratio 
of its distance from the fixed point P to its distance 
from the fixed line Q~I is equal to (/3 cos 0) -1. If/3 
is constant, i.e. the elastic waves propagate isotropi- 
cally, the one-phonon scattering surface is a conic 
section whose eccentricity e is 

e =  (/3 cos 0)- ' .  (9) 

(In three dimensions, when the reciprocal-lattice 
point lies outside the scattering plane containing ko 
and k, the scattering surface is a conicoid. The eccen- 
tricity e is then defined as the ratio of the distance 
of Q from the point P to its distance from a plane 
which is normal to the scattering plane and contains 
o ~ l . )  

I ITDS 
£ : ÷ 1  l £ --+1 
and t ond 

(a) 

I 
¢ = . 1  t E = - I  

(or E=-I) I (ore=,1) (b) 

I 
I 
I 
i 

I 
t=tB 

(c) 

Fig. 6. Time dependence of the TDS intensity when 0 = 0a; (a) 
8<1 ,  (b) l < f l < s e c  08, (c) fl>sec 0a. 

t i m e  o f  f l i g h t  t 
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For e > 1 the scattering surface for isotropic crystals 
is a hyperboloid of two sheets with the reciprocal- 
lattice point at one focus; one sheet corresponds to 
e = - 1  and the other to e = + 1  (Figs. 8a, b,c). For 
e < 1 the surface is an ellipsoid of revolution: only 
one scattering process is then possible, either phonon 
absorption if A0 > 0 (Fig. 8e), or phonon emission if 
AO<O. 

3. The wavelength window 

We shall show next that there is a range of incident 
wave numbers ko in the vicinity of kB (= 2~r/AB), 
which - under certain conditions - cannot satisfy the 
one-phonon conservation laws for energy and 
momentum. This 'wavelength window' in the incident 
white beam only occurs when the detector is offset 
from the Bragg setting at 0 = 0B. 

From the triangle PQS in Fig. 2(b), we have 

q2= 712+/32qE_2e/3qTi cos ~ (10) 

where ~ is the angle between the vector ~ (= ~1) and 
the scattered direction. Equation (10) is identical with 
(7) for AO = 0, but with s r replacing (~r /2) -  0B. 

The general solution of (10) is 

q =  r/[e'/3 cos ~:+ (1 - / 3  2 sin 2 ~)1/2]--1 (11) 

where e ' =  eA0/IAOI. Both r /and  s r in (11) are deter- 
mined by the scattering angle and by the wavelength 
of the incident radiation. 

Once again we will examine the implications of q 
being both real and positive, considering in turn the 
three ranges/3 < 1, 1 </3 < see 0 and/3 > see 0. 

Q nel. 

0--"4 " t k o I - I 

Fig. 7. The scattering angle has been increased by 2AO compared 
with Fig. 3 for Bragg scattering. Q~l is the vector defining the 
locus of all elastic scattering events at the new scattering angle, 
and Q is the end point of the phonon wave vector q. N is the 
foot of the perpendicular from Q to the elastic scattering line. 

(i) /3<1 [see Fig. 8(a)] 
q in (11) is always real, but the positive root only 

is allowed for q to be positive. Thus there is just one 
solution for energy gain (e = - 1 )  and one for energy 
loss (e = +1). There is no restriction on the angle ~:, 
which can lie anywhere in the range 

(~r /2 ) -  0 < ~:< (3~r/2) - O, 

and one-phonon scattering takes place, for absorption 
and emission, at any value of s ¢ within this range. 

(ii) 1 </3 < sec 0 [see Fig. 8(c)] 
/3 exceeds unity and so ¢ in (11) is limited by 

/3 sin ~ < 1. 

Hence there is a forbidden range of ¢, given by 

~b < ¢ <  ~r-  ~b, (12) 

in which there is no TDS. $ lies in the first quadrant 
and its magnitude is arc sin (1//3). The allowed range 
of s r is 

(~r /2 ) -  0 <  ~<  ~ (13) 

for e = + 1, and is 

~r-  $ < ~:< (3zr /2 ) -  0 (14) 

for e = - 1 .  Both positive and negative roots are per- 
missible in (11), and so there are two solutions of q 
for each allowed value of ~. The edges of the 
'wavelength window', as represented by (12), occur 
when these two solutions are identical, i.e. when 

13 sin ~: = 1 or tan ~ = e(/32-1) -1/2. (15) 

The angle ~ is then equal to ~ r -O  for e = - 1  and to 
for e = + l .  
If/3 = sec 0, 0 is (~r/2) - 0 and the allowed range 

in (13) contracts to nothing. The allowed range in 
(14) becomes 

7r/2+ 0 < ~ < 3 I r / 2 -  0 

and there is now just one branch of the scattering 
surface with e = - 1  [see Fig. 8(d)]. 

We have assumed above that 0 > 0B, i.e. that A0 is 
positive. If  A0 is negative, the signs of e must be 
interchanged throughout; for example, (13) applies 
to e = - 1 and AO < O. 

(iii) /3 > sec 0 [see Fig. 8(e)] 
As/3 increases beyond sec 0, there is no scattering 

for e = +1 (with AO>0). For e = - 1 ,  the allowed 
range of ~: in (14) contracts even further: 

• r - O < ~ <  ~ + 0 .  (16) 

When the neutron velocity is much less than the sound 
velocity,/3 -> oo and 0 [ = arc sin (1 //3)] -> 0, and so 
the range in (16) reduces to nothing. Thermal diffuse 
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scattering is then forbidden for any value of the 
incident wavelength. 

Similarly, for 0 < 0n, the absorption process (e = 
-1 )  is always forbidden, and the emission process 
(e = +1) occurs in a smaller and smaller range of 
incident wavelengths as 1//3 ~ 0. 

The results given in (i) to (iii) are illustrated in Fig. 
8 for the special case of 0 = 40 and A0 = +6 °. The 
scattering surfaces have been drawn for isotropic 
sound velocities. Fig. 8(a), for/3 = 0.50, corresponds 
to case (i). Any wave vector ko gives rise to one- 
phonon scattering by both absorption and emission 
of phonons. Fig. 8(b), for/3 = 1.00, is intermediate 
between (i) and (ii). There is not yet a wavelength 
gap, but scattering now occurs for a given ko either 
by" absorption or by emission but not by both. Fig. 
8(c), for/3 = 1.15, represents case (ii). Here there is 
a wavelength window, for which TDS is forbidden, 
lying between the two broken lines. In Fig. 8(d), 
/3 = 1.30=sec 0; the scattering surface is a para- 
boloid, and the wavelength window extends 
indefinitely towards shorter wavelengths. Finally, Fig. 
8(e) corresponds to case (iii) with /3 =2.00. One- 

phonon scattering occurs for a narrow band of 
wavelengths between the broken lines which encom- 
pass the reciprocal-lattice point, and there is no scat- 
tering outside this band. 

We have shown that, provided the neutron velocity 
exceeds the sound velocity, there is an unbroken range 
of incident wavelengths which can participate in one- 
phonon scattering. As/8 increases beyond unity, the 
range is reduced by the appearance of forbidden 
regions which are associated with each reciprocal- 
lattice point. If/3 lies between unity and sec 0, there 
is a forbidden gap (wavelength window) near the 
Bragg wavelength AB, whereas for/3 > sec 0 there is 
an allowed gap near A = Ae surrounded on either side 
by forbidden regions. These points are illustrated in 
a different way in Fig. 9 which shows the allowed 
ranges of the angle f (see Fig. 2) for the five diagrams 
in Fig. 8. 

A wavelength window bounded by two bands of 
wavelengths, with one band giving thermal diffuse 
scattering for e = +1 and the other band for e = -1 ,  
occurs when the velocity ratio /3 lies between unity 
and sec 0. Thus the range of fl giving a wavelength 
window is rather small for 20 less than 7r/2, but in 

e = - I  E=+l 

Ae 

"~' kB ~ ~ ~- kB : 

(a) (h) 

L., k B" I ~ ;  [ 
'~  WAVELENGTH / 

WINDOW / 

(c) 

e, 

Z 'a) / aUow~ ~ X \ ~F --~bidden 

k B ,~ ~ k B - _~-! 

(d) (e) 
Fig. 8. Diagrams illustrating the change in the one-phonon scattering surface with increasing/8, where /3 is the ratio of the sound 

velocity to the neutron velocity; (a)/8 < 1; (b)/3 = 1; (c) 1 </3 < sec 0; (d)/3 = sec 0; (e)/3 > sec 0. P is the reciprocal-lattice point 
and the diagrams are drawn for isotropic sound velocities and for 0 = 40, AO = +6 °. The broken lines are vectors parallel to the 
scattered beam; TDS takes place when these vectors intersect the scattering surfaces, indicated by heavy lines. 
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a back-scattering instrument the range can become 
very large. For example, in the time-of-flight instru- 
ment described by Steichele & Arnold (1973) 0 is 
88.5 °, and so there is a window for all neutron 
velocities lying between the sound velocity Cs and 
one-fortieth of cs. The HRPD instrument (Johnson & 
David, 1985) used in recording the diffraction pat- 
terns in Fig. 11 has detectors at even higher values 
of 2 0: for the highest-angle detector, sec 0 is over 50. 

In the rest of this paper we shall be concerned with 
the properties of the wavelength window in the range 
1 </3 < sec 0 and with the information that can be 
derived from it, especially as 0 approaches w/2. 

4. One-phonon time-of-flight cross section 
outside the window 

Our first task is to consider the relation between the 
time of flight t and the wave numbers of the incident 
(ko) and scattered (k) neutrons. The neutron velocity 
is (h/m,,) times the wave number, and so 

t = ( m,/  ii )( Lo/ ko + L/ k) (17) 

where Lo is the distance from source to sample and 
L the distance from sample to detector. Normally, Lo 
is much larger than L: in the HRPD, Lo/L = 50. Also, 
for inelastic scattering by acoustic phonons, 

Ik-kol~ko. 
For both these reasons (17) can be written, to a good 
approximation, as 

t = constant/ko. (18) 

Hence all elastic and inelastic events associated with 
the same incident wavelength 2w/ko are integrated 
together into the same time channel. 

The measured time-of-flight cross section is propor- 
tional to the partial differential scattering cross 

1~=120 ° ~ - - - - ~  ~=60 ° 
k : -  : :  =--.-_'J. >= o0 

E = I ~  

o ~ ~ = 0  

=n0 x~c . . . .  
/ -  

~=230 ° 

Fig. 9. Allowed ranges (fifll lines) and forbidden ranges (broken 
lines) of the angle ¢ for the five values, (a) to (e), of/8 in Fig. 
8. The entire range of ¢, (,r/2) - 0 < ¢< (3~r/2) - 0, is allowed 
in a and b, but the allowed range is successively reduced as fl 
is increased beyond unity frorri c to d to e. 

section 
d2cr ~inel 

d~  d E / ~ h  (19) 

provided [ t -  tBI "~ tB, where tn is the time for Bragg 
scattering. Expression (19) represents the number of 
neutrons coherently scattered per second in a one- 
phonon process into a solid angle d/~ and into an 
energy band E --> E 4- dE. 

The cross section may be expressed as the sum of 
two terms, one for absorption (e = -1)  and the other 
for emission (e - + 1): 

( d 2 0 "  ~ inel___( d20" ~ inel + (  d2°" ~ inel 

\df~ dE/cob \ d ~  dE/cob,-1 \ d ~  dE/cob,+1" 

The absorption term is given by equation (4.34) of 
Willis & Pryor (1975): 

d2o ~inel k 4"a "3 ~nj(q) 

x exp (iQ.rK)[Q.e(K Ijq)] 12 

I 

× 8Eo)-o)j(q)]•(Q-q-B)}.  (20) 

to is defined by the equation 

tio)-- E -Eo=( t i2 /2mn) (k2 -k  2) (21) 

and the 'scattering vector' Q by 

Q = k - k o .  

Thus the first delta function in (20) represents the 
condition for energy conservation and the second the 
condition for the conservation of momentum. [The 
remaining symbols in (20) are defined in the glossary.] 

There is a similar expression to (20) for phonon 
emission: 

( d2o .. ~inel k 4w32~-~ ~ (n , (q )+ l  

× exp ( iQ .r~)[ Q .e(Kljq) ]t 

| 2 

x 8[o)+ o)Aq)]8(Q +q-B)}. (22) 

To derive the total intensity of  the TDS, we must 
integrate the differential cross section over the 
phonon wave vectors q and over the energy E. Let us 
consider the absorption cross section in (20) first. The 
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integration over q is performed by multiplying by the 
density of q vectors in reciprocal space, which is 
Nvo/8¢r 3 where N is the number of unit cells in the 
crystal. Thus 

dO dEJcoh.-1 ko 2 y toY(q) 

x I(b~°r'm-~ '12) exp ( -  W,<) 

xexp (iQ.r~)[Q.e(K [jq)]12}. 

(23) 

In this equation it is understood that, for each branch 
j, q and B are related by 

Q=B+q. 
The integration over the energy E in (23) is more 

difficult, because the phonon energy htoj(q) in the 
argument of the delta function is itself a function of 
w. If gradq is the gradient with respect to the direction 
of q, we have from (21) that 

O 1 1 
O--E [to - %(q)] = _ _ + b  k.gradq [%(q)]. h 2E 

[Igradqtoj(q)[is the group velocity of the acoustic 
waves or the velocity of energy transmission.] With 

I1_,1 = 1-(h/2E)k.gradq[toj(q)] (24) 
and 

b cob 
Gj(Q) = ~ ~ exp ( -  W~) exp (iQ.r~)[Q.e(K IJq)] 

(25) 

inserted into (23) integration over E gives the 
differential cross section: 

coh.-I- ko 2 j ~ GJ(Q)I2Ij-II-I" (26) 

Expression (25) for Gj(Q), the 'structure factor for 
one-phonon scattering', can be simplified by recalling 
that we are concerned only with low-frequency acous- 
tic modes for which the polarization vector e(K IJq) 
is the same for all atoms K in the unit cell. Thus 

IGs(Q)I:=IQ.e(jq)I:IF(Q)I ~ (27) 

where the eigenvector e(jq) has been mass adjusted 
to include m-~ ~/2 in (25) and F(Q) is the structure 
factor for Bragg scattering: 

F(Q) =Y. b7 h exp ( -  W~) exp (iQ.r~). 
K 

The quantum number of the mode is 

nj(q) = (exp [/itoj(q)/k~ T] - 1 }-' 

where k~ is Boltzmann's constant and T the absolute 

temperature. In the classical regime, k'BT>>hto(q) 
and so 

ny(q) = k'B T~ h%( q). (28) 

Substitution of (27) and (28) into (26) gives the final 
result: 

\dO} cob,-1 ko2 h 

× ~ [ tot(q)]-2 IO. e(jq)121F(Q)I21J-11-1. 
J 

(29) 

There is a similar equation for the emission cross 
section: 

c o h , +  1 

where 

k Nk'~T 
ko2 h 
x ~ [ %(q)]-2 IQ. e(jq)121F(Q)[21j +,l-, 

J 

(30) 

I J+ , l  = l+(h/2E)k.gradq[%(q)] .  (31) 

Equations (29) and (30) give the one-phonon scat- 
tering cross sections which are measured in a time-of- 
flight diffraction experiment. The principal com- 
ponents of these expressions are the frequency, 
polarization and Jacobian terms. 

(i) The frequency term, [%(q)]-2 
For acoustic modes propagating without disper- 

sion, the frequency %(q) is proportional to q. Hence 
the frequency term gives an intensity which varies as 
1/q2: near the centre of the Brillouin zone, q--> 0 and 
the intensity--> oo. This is the origin of the well known 
TDS error in the measurement of Bragg intensities. 

(ii) The polarization term, [Q.e(jq)l 2 
If the elastic wave is polarized at right angles to 

the direction of the scattering vector Q, the polariz- 
ation term is zero and the wave contributes nothing 
to the TDS. This term is useful, therefore, in identify- 
ing the type of acoustic branch (j = 1, 2, 3) contribut- 
ing to the scattering. 

(iii) The Jacobian term, IJ1-1 
The Jacobian J is given by 

J= l +(eh/2E)k.gradq[toj(q)]. (32) 

If X is the angle between the gradient of tos(q) and 
the scattered neutron, then 

k.gradq [tos(q)] = kcg cos X 

where % is the group velocity. If we write 

t t  . = c. l v,,, 
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(32) becomes 

J = 1 + e/3g cos X 

so that J is zero when 

/3g cos X = -e .  (33) 

Thus the absorption cross section, (29), rises to a 
peak when fig cos X = +1, and the emission cross sec- 
tion, (30), to a peak when/3 cos X = - 1 .  

The frequency term (i) also leads to a maximum 
in the TDS intensity, but this is obscured by the Bragg 
peak. The Jacobian term gives peaks for e = 4-1, which 
are displaced from the Bragg position and are readily 
observed with neutrons [see Fig. 11 (b)]. They cannot 
be observed with X-rays as 1/J  is close to unity. 

To examine the relationship between the position 
of the TDS peak and the wavelength at the edge of 
the window, it is convenient to describe the phonon 
wave vector q in polar coordinates (q, ~'). The group 
velocity Cg is 

grad oJ( q, ~) = eqOCO / Oq + e~(1/ q )( O~ / O~) 

with eq and e c representing unit vectors along and 
perpendicular to q. The phase velocity, in the absence 
of dispersion, is 

c, = Oco/Oq. 

Thus 

where/3'  is d/3/d~. 
After some algebra and with the aid of the 

expression above, we find that (33) is equivalent to 

tan ~: = e(/32 + fl,2_ 1)-1/2. 

I f / 3 '=  O, i.e. if the crystal is elastically isotropic, this 
expression reduces to (15), which defines the edges 
of the wavelength window. For the isotropic case, 
the intensity at the edges rises abruptly from nothing 
to a large value for an infinitesimal change in the 
incident wavelength. This is illustrated schematically 
in Fig. 10(b). Note that the group velocity is the same 
as the phase velocity provided both dispersion and 
anisotropy are zero. 

The singularities in the TDS cross section are 
analogous to those giving critical points in the spec- 
trum of vibrational frequencies (Van Hove, 1953). 
Van Hove singularities occur at those frequencies for 
which the group velocity, gradq [~o(q)], vanishes in 
some direction. In our case the singularities appear 
when the group velocity is equal to v, see X. 

Turning to Fig. 2, where OP = 2ks sin 0s and OS = 
2ko sin 0, we get 

(/Co sin 0) / (ks sin 0s) = sin (a  + 0 - 0B) / sin a (34) 

where a = ~:- (7r/2) + 0. If  we put/ tko = ko-  ks and 
/tO = 0 -  0s, where /t/Co'~ ks and /t0,¢ 0s, (34) 
becomes 

/ t ko /ks=(co t  a - c o t  0s) AO. (35) 

At the edge of the window [see (15)] 

tan ~ = e(/32-1)-1/2 

and so 

Ako AO cosec 2 0 
(36) 

ks - e ' ( f l : -  1) -1 / : -co t  0 

where the expression has been generalized to cover 
all combinations of e and A0/I/t01. Equation (36) 
gives the wave number of the incident radiation at 
the two edges of the window. For positive/tO, Ako is 
positive for phonon emission and negative for absorp- 
tion; for negative/tO, the signs of/ tko are reversed. 
If t 2  in (36) is replaced by f12+/3,2, the resultant Ako 
corresponds to the position of the TDS peak: see § 4. 

Equation (36) has been used to calculate At/tB 
( = - / t k o / k s )  for the three cases illustrated in Figs. 
8(b), (c) and (d): these calculated times are indicated 
by vertical arrows in Fig. 10. Figs. 10(a) and (c) 
represent the minimum and maximum values of /3  
for the range 1 </3 < sec 0; (b) is in the middle of 
the range and shows that, for 2 0 = 80 °, the wavelength 
window is asymmetric with respect to tn. Note that 

E:=+I e;=-I 

TDS 
Intensity 

T 

I 

-o'.2 I 
~ l - - h k o l k  B t=t B 

(a)p =1"00 

(b) ~ = 1.15 

(C)~ =1.30 

01z 
A f l t  B 

5. Width of  the window 

From the results in § 3 we can calculate the width of 
the wavelength window as a function of the offset 
angle AO. 

Fig. 10. Variation of TDS intensity with time of flight (schematic). 
The three cases have been drawn for 0=40 and 0B=34 °. (a) 
and (c) correspond to the two extremes and (b) to the centre 
of the range 1 < fl < see 0. Note that the wavelength window in 
(b) is asymmetric with respect to the Bragg position at t -- t B. 
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energy gain occurs for the slower neutrons and energy 
loss for the faster neutrons. 

To define the phonon at the edge of the window, 
expressions are required for both the magnitude and 
the direction of q. Putting fl sin ~ = 1 and fl cos ~: = 
e(fl  2 -  1) 1/2 into (11), the magnitude of q is 

q = 71(fl 2 -1 )  -1/2 (37) 

where ~1 is the length of the vector P-S in Fig. 2. But 

(7)/2) 2= A02 k 2 + AgE sin 2 0B + AO Ako ka sin (20B) 

and combination of this with (36) and (37) gives the 
general expression for q: 

/3 2k~md01 
q--  ( f iE - l )  (f12-1)-l/E-e' cot 0" (38) 

The direction of q is determined by the angle ~" 
between q and the fixed vector B. From (15) and 
Fig. 2(b) 

= 0+  e' arc sin (1/fl) (39) 

where arc sin (1/fl) lies in the first quadrant and it 
is assumed that A0 < OB. 

Equations (38) and (39) show that the two sides 
of the wavelength window, with e = - 1  and e = +1, 
correspond to phonons which differ in both magni- 
tude and direction. However, the same phonon is 
observed at the absorption (emission) edge for dO > 0 
as is observed at the emission (absorption) edge for 
a negative offset angle of the same magnitude. 

The asymmetry between the two edges of the win- 
dow decreases with increasing 0 and disappears at 
0 = ~r/2. Equation (36) then reduces to 

Akol kB = -At / t~  = e '(fl 2-1) 1/2 Id01 

and the absorption and emission edges are symmetri- 
cally displaced in time on either side of t = ta. The 
total width of the window for 0 = 7r/2 is 

dttot= 2tB(/32-1) 1/2 AO (40) 

and the wave numbers of the phonons at the cut-off 
wavelengths are 

q(~') =/3(/32-1)- ' /2  2k,  Id01 

where the propagation direction is given by 

~=(Trl2)+e'arcsin(ll f l) .  (41) 

The range of/3 is 1 </3 < see 0. At the extreme ends 
of this range, (41) gives ~ = 0 and zr for/3 = 1, and 

= 7r/2 for/3 >> 1. Hence, on account of the polariz- 
ation term IQ.e(jq)l 2 in the cross sections in (29) and 
(30), TDS peaks arising from transverse modes of 
vibration will not be seen in back scattering when/3 
is close to unity and peaks from longitudinal modes 
will not be seen when/3 is very large and close to see 0. 

6. Measurement of sound velocities 
in pyrolytic graphite 

To illustrate the concepts given above, we shall 
describe the interpretation of experimental data on 
pyrolytic graphite, which were obtained using the 
high-resolution powder diffractometer (HRPD) at the 
spallation neutron source ISIS. Fig. 11 (a) shows the 
001 Bragg peaks, recorded at a scattering angle 20 of 
174.6°; in Fig. l l (b )  20 has been increased to 177.8 ° 
and each Bragg peak is now replaced by a pair of 
one-phonon peaks, one due to absorption and the 
other to emission. 

0 is nearly 90 °, and so the window is symmetrical 
about t = ta and (40) can be used to evaluate fl(~') 
and cs(~') as a function of the direction of propaga- 
tion. The steps in the calculation are given in Table 
1. The last two columns show that the phase velocity 
rises steeply as the direction approaches the normal 
to the close-packed layers. 

30- 008 

20" 

i I n I i I I 

006 00~ 
~0- 

I I I I I I I I J 

004 

5 

I E= 

008 * [(~m), 
3 i E= me, '( n'll g = = E= -1 

=o - ~ o ' t :  ' ', 

20 30 ~,0 50 60 70 80 90 100 

l~me of f l ighf (ms) 

(b~ 

Fig. 11. (a) Time-of-flight neutron diffraction pattern of pyrolytic 
graphite, taken with the high-resolution powder diffractometer, 
HRPD. The scattering angle was 20 = 20B where On = 87"3 °. The 
00@ Bragg peaks are labelled 004 to 0,0,12. (002 is excluded 
because of frame overlap.) (b) Time-of-flight patten'~ taken under 
the same conditions as (a) apart from 20 being increased by 
2A0 where A0 = 1"6 °. The 001 Bragg positions, as derived from 
(a), are indicated by broken lines. Each position is flanked 
symmetrically by lines for phonon absorption ( e = - I )  and 
phonon emission (e = +1). (M'ter Willis et al., 198&) 
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OOl 
004 
006 
008 

0,0,10 

Table 1. Sound velocities in graphite 

See Fig. l l (b ) :  0 = 88-93 and AO = +1.63 °. 

Attot tB On Cs(~) 
(ms) (ms) fl(~') (kln s -I) (kin s -t) (o) 
6"46 83"05 1"693 1" 17 1"98 53-7 
2"78 55 "33 1.334 1 "75 2"33 41 "4 
1.54 41.50 1.193 2-34 2.79 33"1 
0.85 33-19 1"096 2.92 3.20 24"2 

The quantity 

( Ak + Ako)/2kB 

lies between 0-02 and 0.065, so that there is an error 
of about 4% in the sound velocities quoted in Table 
1, which arises from neglecting (Ak+ Ako) in (4). In 
the analysis of the same data by Willis, Carlile, Ward, 
David & Johnson (1986) this error was eliminated by 
extrapolating the results to AO-  O. 

Table 2. Magnitudes of wave vectors, expressed as a 
fraction of the wave vector for Bragg scattering 

OOl q/ ks Ako/ kB Ak/ kB 
004 0.070 -0.038 0.080 
006 0-085 -0"025 0"088 
008 0-104 -0-018 0" 106 

0,0,10 0" 139 -0"012 0" 140 

Many of the ideas developed in this paper were 
discussed initially with Dr C. J. Carlile of the Ruther- 
ford Appleton Laboratory and with Dr P. Schofield 
of AERE, Harwell. The experimental measurements 
were carded out on the pulsed neutron source ISIS 
of the Rutherford Appleton Laboratory. The author 
is grateful for the hospitality of Dr C. K. Prout, Head 
of the Chemical Crystallography Laboratory, Oxford. 

In graphite (Bowman & Krumhansl, 1958) the 
acoustic modes have polarization vectors which are 
either within the layers ('in-plane modes') or normal 
to the layers ('out-of-plane modes'). In the present 
experiment, scattering from the in-plane modes was 
suppressed by the polarization factor ]Q .e(jq)] 2, and 
only the out-of-plane modes were observed. 

Table 2 gives the magnitudes of q, Ako and Ak at 
the absorption edge (e = -1 )  of the wavelength win- 
dow, as calculated from the expressions in § 5. 
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Abstract 

Perturbations to conventional two beam X-ray 
diffraction arising from multibeam scattering effects 
have been studied theoretically. A simple analytical 
expression for the diffracted wave field and intensity 
near a multiple excitation is derived by using the 
perturbation theory of scattering of electromagnetic 
waves. Although it cannot be applied to the center 
of a multibeam diffraction peak, it does show 
explicitly the asymmetry effect observed in experi- 

0108-7673/86/060525-09501.50 

ments and its phase dependence in the neighborhood 
of the multibeam point. A numerical calculation for 
the 111 Umweganregung peak on the almost- 
forbidden 442 reflection of silicon gives excellent 
agreement with experimental data and exact n-beam 
computer calculations based on conventional 
dynamical theory. From the analytical expression, a 
simple rule is derived for phase determination in 
centrosymmetdc crystals. A general 'pseudo-four- 
beam' case where no asymmetry effect exists is also 
discussed as another example of the applications. 
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